Shorの素因数分解アルゴリズムにおける計算量の精密な評価 (応用函数解析としての情報数理の研究) by 栗山, 憲 et al.
Title Shorの素因数分解アルゴリズムにおける計算量の精密な評価 (応用函数解析としての情報数理の研究)
Author(s)栗山, 憲; 佐野, 慎太郎; 古市, 茂









(Ken Kuriyama) (Shintaro Sano) (Shigeru Furuichi)
(Departm ent of Applied Science, (Graduate Schooi of (Department of Electronics
Yamaguchi University) Science and Engineering, and Computer Science,
Yamaguchi University) Tokyo University of
Science in Yamaguchi)
1




Shor , $n$ 2 $\log_{9}\vee n$
. , . ,
$n=p_{1p_{2}pk}^{e_{1}e_{2}\ldots e_{k}}$ ,
$N$
$\forall\epsilon>0$ , $N \geq\frac{\log(1/\hat{c})}{\alpha\beta(\mathrm{l}-1/2^{k-1}}(\log_{\underline{9}}n)^{2}\overline{)}$






2 Shor . 3





Shor . $n$ .
$n$ $n=pq$ .
.
$1^{\mathrm{O}}$ : $\{1_{\rangle}2, \ldots, n\}$ , $a$ .
$2^{\mathrm{o}}$ : $\mathrm{g}\mathrm{c}\mathrm{d}(a, n)=1$ $3^{\mathrm{o}}$ . $\mathrm{g}\mathrm{c}\mathrm{d}(a, n)\neq 1$ $1^{\mathrm{o}}$ .
$3^{\mathrm{o}}$ : $a$ $\mathrm{m}\mathrm{o}\mathrm{d} n$ $r$ . ( )
$4^{\mathrm{o}}$ : $r$ $5^{\mathrm{o}}$ . 1 .
$5^{\mathrm{O}}$ : $p’=\mathrm{g}\mathrm{c}\mathrm{d}(a^{r/2}+1, n)$ $q’=\mathrm{g}.\mathrm{c}\mathrm{d}(a^{r/2}-1, n)$ .




$\forall\epsilon>0$ , $N\geq\log(1/\epsilon)/P_{S}$ (2.1)
. , $P_{S}$ .
$A_{a}$ : $\mathrm{g}\mathrm{c}\mathrm{d}(a, n)=1$ $n$ $a$
$A_{r}$ : $r$
$A_{e}$ : $r$
$A_{f}$ : $p,$ $q$
, $P_{S}$
$P_{S}=P(A_{a}\cap A_{r})P(A_{e}\cap A_{f}|A_{a}\cap A_{r})+P(A_{a}\cap A_{f})P(A_{e}\cap A_{J}|\overline{A_{a}\cap A_{r}})$
$\geq P(A_{a}\cap A_{r})P(A_{e}\cap A_{f}|A_{a}\cap A_{r})$
$=P(A_{a})P(A_{r})P(A_{e}\cap A_{f}|A_{a}\cap A_{r})$ (2.2)
. , $P(A_{a}),$ $P(A_{r}),$ $P(A_{e}\cap A_{J}|A_{a}\cap A_{r})$ $\text{ }$ , (2.1) (2.2)
.
3
, $P(A_{a}),$ $P(A_{r}))P(A_{e}\cap A_{f}|A_{a}\cap A_{r})$
$\simeq\vec{\overline{\mathrm{u}}}^{\iota\prime}\mp \text{ }$ [3]. ,
$P(A_{a})$ , $\mathrm{g}\mathrm{c}\mathrm{d}(a, n)=1$ $n$ $a$





. $\gamma$ Euler . , $n$
$P(A_{a})= \frac{\varphi(n)}{n-1}\geq\frac{e^{-\gamma}}{\log\log n}\geq\frac{e^{-\gamma}}{\log n}=\frac{e^{-\gamma}\log_{2}e}{\log_{2}n}=\frac{\alpha}{\log_{2}n}$ (3.1)
. $\alpha$ $n$ .
$P(A_{r})$ . $r$ .
, $r$ $r$ . , $P(A_{a})$
$P(A_{r}) \geq\frac{\beta}{\log_{2}n}$ (3.2)
. $\beta$ $n$ .
$P(A_{\mathrm{e}}\cap A_{f}|A_{a}\cap A_{r})$ . , $k$ $n=p_{1}^{e_{1}}p_{2^{\mathrm{e}\circ}}\sim\ldots p_{k}^{e_{k}}$
$n$ , $r$ ,
$P(A_{e}\cap A_{f}|A_{a}\cap A_{r})$
$P(A_{e} \cap A_{f}|A_{a}\cap A_{r})\geq 1-\frac{1}{2^{k-1}}$ $(_{\mathrm{t}}3.3)$
[4]. 5 .





, (2.1) , $N$
$\forall\epsilon>0$ , $N \geq\frac{\log(1/\in)}{\alpha\beta(1-1/2^{k-1})}(\log_{2}n)^{\underline{9}}$ (3.5)
. , , $n$ 2 $\log_{2}n$
. , $r$
$O(\mathrm{l}\circ \mathrm{g}_{2}n)$ , Shor $O(\log_{2}n)$ .
4 Shor
, (3.3) . $p$ ,
$Z/pZ$ invertible element $(Z/pZ)^{\mathrm{x}}$ , $(Z/pZ)^{\mathrm{x}}=\{1,2, \ldots p)-1\}$ $p-1$
. ,
$|\{a\in(Z/pZ)^{\mathrm{x}} ; r_{p}=d\}|=\varphi(d\}$
[5]. , $d|p-1,$ $r_{p}$ $a$ $\mathrm{m}\mathrm{o}\mathrm{d} p$ , $\varphi(\cdot)$ Euler .
41 $p$ , $p-1=2^{\tau}\sigma$ ( $\tau\geq 1,$ $\sigma$ : odd) ,
$|$ { $a\in(Z/pZ)^{\mathrm{x}}$ ; $r_{p}$ : odd} $|=\sigma$ (4.1)
$|$ { $a\in(Z/pZ)^{\mathrm{x}}$ ; $r_{p}=2^{t}s(s$ : odd)}|=2 $\sigma$ (4.2)
. , $t$ $1\leq t\leq\tau$ .
209
( ) , $r_{p}=2^{\mathrm{t}}s$ ($t\geq 0,$ $s$ : odd)
$r_{\mathrm{p}}$ : odd, $r_{p}|p-1\Leftrightarrow r_{p}|\sigma$
. $r_{\mathrm{p}}|p-1=2^{t}s|2^{\tau}\sigma$ $t\leq\tau,$ $s|\sigma$ , $r_{p}=2^{t}s$ $t=0$ .
, $r_{p}=s$ , $s|\sigma$ $r_{p}.|\sigma$ . , $r_{p}|\sigma$ , $r_{p}$ $\sigma$ $r_{p}$
. , $p-1=2^{\tau}\sigma$ $r_{\mathrm{p}}|\sigma\Rightarrow r_{p}|p-1$






, (4.1) . , $r_{p}=2^{t}s$
$r_{p}|p-1\Leftrightarrow s|\sigma$
. $1\leq t\leq\tau$ 2’ $|2^{\tau}\sigma\supset s|\sigma$ , $s|\sigma\Rightarrow 2^{t}s|2^{\tau}\sigma$
. , $t(1\leq t\leq\tau)$









4.2 $n=p_{1}^{e_{1}}\ldots p_{\mathrm{A}}.e_{k}$ ($p_{i}$ , $i=1,2,$ $\ldots,$ $k$ ) l , $p_{i}-1=2^{\tau_{i}}\sigma_{i}$ ( $\tau_{i}\geq 1,$ $\sigma_{i}$ : odd)
, $a$ $\mathrm{m}\mathrm{o}\mathrm{d} n$ $r,$ $\mathrm{m}\mathrm{o}\mathrm{d}p_{i}$ $r_{p:}=2^{t_{p\mathrm{i}}}s_{pj}$
$|$ { $a\in(Z/nZ)^{\mathrm{x}}$ ; $r$ : odd} $|= \prod_{i=1}^{k}\sigma_{p}.\cdot$ (4.3)
$| \{a\in(Z/nZ)^{\mathrm{x}} ; t_{p_{1}}=\cdots=t_{p_{k}}=l\}|=2^{k\langle l-1)}\prod_{i=1}^{k}\sigma_{p_{\iota}}$ (4.4)
. , $1 \leq l\leq\min(\tau_{p_{1}}, \ldots, \tau_{p_{k}})$ .
210




$\ldots,$ $r_{\mathrm{P}k}$ : odd
$|(Z/nZ)^{\mathrm{x}}|=|(Z/p_{1}Z)^{\mathrm{x}}|\cdots|(Z/p_{k}Z)^{\mathrm{x}}$
, (4.1)
$|$ { $a\in(Z/nZ)^{\mathrm{x}}$ ; $r$ : odd}l
$=|$ { $a\in(Z/nZ)^{\mathrm{X}}$ ; $r_{p_{1}},$ $\ldots,$ $r_{pk}$ : odd}l
$=|$ { $a\in(Z/p_{1}Z)^{\mathrm{x}}$ ; $r_{p_{1}}$ ; odd}l $\cdots|$ { $\alpha\in(Z/p_{k}Z)^{\mathrm{X}}$ ; $r_{p_{k}}$ : odd}l
$= \prod_{i=1}^{k}\sigma_{p_{\iota}}$
, (4.3) . , (4.2)
$|\{a\in(Z/nZ)^{\cross} ; t_{p_{1}}=\cdots=t_{p\kappa}$. $=t\}|$
$=|\{a\in(Z/p_{1}Z)^{\mathrm{x}} ; t_{Pk}=l\}|\cdots|\{a\in(Z/p_{k}Z)^{\mathrm{x}} ; t_{\mathrm{P}k}=l\}|$
$=2^{k(l-1)} \prod_{i=1}^{k}\sigma_{p_{1}}$
, (4.4) .
43 $\tau’=\mathrm{r}\mathrm{r}\dot{\mathrm{u}}\mathrm{n}(\tau_{p_{1}}, \ldots, \tau_{p_{k}}),\tilde{\tau}=\sum_{i=1}^{k}\tau_{p_{\mathrm{I}}}$
$|$ { $a\in(Z/nZ)^{\mathrm{x}_{\mathrm{i}}}t_{p_{1}}=\cdots$ =t }| $= \frac{2^{k}-2+2^{k\tau’}}{2^{k}-1}.\prod_{i=1}^{k}\sigma_{Pi}$ (4.5)
$\frac{|\{a\in(Z/nZ)^{\mathrm{x}},t_{P1}=\cdots=t_{pk}\}|}{|(Z/nZ)^{\mathrm{x}}|}.=\frac{1}{2^{k}-1}\frac{2^{k}-2+2^{k\tau^{J}}}{2^{\tilde{\tau}}}$ (4.6}
.
( ) (4.5) , (4.3) (4.4)
$|\{a\in(Z/nZ)^{\mathrm{X}} ; t_{p_{1}}=\cdots=t_{p_{k}}\}|$
$=|_{l=0}^{\tau’}\cup\{a\in(Z/nZ)^{\mathrm{X}} ; t_{p_{1}}=\cdots=t_{p_{k}}=l\}|$
$=\acute{\sum_{l=0}^{\tau}}|\{a\in(Z/nZ)^{\mathrm{x}} ; t_{p[perp]}=\cdots=t_{p\ovalbox{\tt\small REJECT}}=l\}|$
$\tau’$






, (4.5) (4.6) .
5
3 (3.3) , $n$ , , 4
, , .
5.1 $n=p_{1}p_{k}e_{1}\ldots \mathrm{e}_{k}$ ( , $\mathrm{i}=1,2_{\mathrm{z}}\ldots,$ $k$ ) , $p_{i}-1=2^{\tau}\cdot\sigma i$ ( $\tau_{i}\geq 1,$ $\sigma_{i}$ ),
$\tau’=\min(\tau_{1}, \ldots, \tau_{k}),\tilde{\tau}=\sum_{i=1}^{k}\tau_{i}$
$P(A_{e} \cap A_{f}|A_{a}\cap A_{r})=1-\frac{1}{2^{k}-1}\frac{2^{k}-2+2^{k^{r’}}}{2^{\overline{\tau}}}$ (5.1}
.
( ) $5^{\mathrm{O}}$ $6^{\mathrm{o}}$
$P(A_{e}\cap A_{jf}|A_{a}\cap A_{r}\}=P(\{r:even\}\cap\{a^{r/\underline{9}}\neq\pm 1 (\mathrm{m}\mathrm{o}\mathrm{d} n)\}|A_{a}\cap A_{r})$
$=P(${ $r$ : even} $\cap\{a^{r/2}\neq-1 (\mathrm{m}\mathrm{o}\mathrm{d} n)\}|A_{a}\cap A_{r})$
$=1-P($ { $r$ : odd}\cup {a $=-1$ $(\mathrm{m}\mathrm{o}\mathrm{d} n)$ } $|A_{a}\cap A_{r})$
. $a$ $\mathrm{m}\mathrm{o}\mathrm{d} n$ $r=2^{t}s,$ lnodpj $r_{i}=2^{\mathrm{t}}{}^{t}Si$ . ,
$\mathrm{i}=1,2,$
$\ldots,$
$k,$ $t,$ $t_{i}\geq 1,$ $s,$ $s_{i}$ . $P(A_{\mathrm{e}}\cap Af|A_{a}\cap A_{T})$
$P(A_{e}\cap A_{f}|A_{a}\cap A_{r})$
$=1-P( \{r : odd\}\cup(_{i=}^{k}\bigcap_{1}\{a^{r/2}=-1 (\mathrm{m}\mathrm{o}\mathrm{d} p_{i})\})|A_{a}\cap A_{r})$
$=1-P(\{t_{1}=\cdots=t_{k}=0\}\cup(i=\cap^{k}\{t_{i}1=t\})|A_{a}\cap A_{r})$
$=1-P(t_{1}=\cdots=t_{k}|A_{a}\cap A_{r})$
. (4.6) (5.1) .
52 $n=p_{1}^{e_{1}}\ldots p_{k^{e_{k}}}$ ( , $\mathrm{i}=1,2,$ $\ldots,$ $k$ ) , $p_{i}-1=2^{\tau_{\mathrm{r}}}\sigma_{\dot{\mathrm{t}}}$ ( $T\mathrm{j}\geq 1,$ $\sigma_{i}$ ) ,




$\forall\epsilon>0$ , $N \geq\frac{\log(1/\epsilon)}{\alpha\beta(1-\frac{1}{2^{k}-1}\frac{2^{k}-2+2^{kr’}}{2^{\overline{r}}})}(\log_{2}n)^{2}$ (5.3)
. $\alpha,$ $\beta$ $n$ .
( } (5.1) (2.1) (2.2) .
6
, $r$ ,
$P(A_{e}\cap A_{f}|A_{a}\cap A_{r})$ . , $n=p_{1p_{2}\sim.p_{k}}^{\mathrm{e}_{1}e_{9}..e_{k}}$
$P(A_{e} \cap A_{f}|A_{a}\cap A_{r})\geq 1-\frac{1}{2^{k-1}}$
, $p_{i}-1=2^{\tau_{l}}\sigma_{i}$ ( $\mathrm{i}=1,2,$ $\ldots$ , A , $\tau_{i}\geq 1,$ $\sigma_{i}$ ) , $\tau’=\min(\tau_{1}, \ldots, \tau_{k})$ ,
$\tilde{\tau}=\sum_{i=1}^{k}\tau_{i}$
$P(A_{\mathrm{e}} \cap Af|A_{a}\cap A_{\Gamma})=1-\frac{1}{2^{h}-1}.\frac{2^{k}-2+2^{k\tau^{t}}}{2^{\tilde{\tau}}}$
. .
61 $n=p_{1p_{k}}^{e_{1}\ldots e_{k}}$ ( $p_{i}$ ) $\mathrm{i}=1,2,$ $\ldots,$ $k)$ , $p_{i}-1=2^{\tau_{i}}\sigma_{i}$ ( $\tau_{i}\geq 1,$ $\sigma_{i}$ ),
$\tau’=\min(\tau_{1_{7)}}\ldots\tau_{k}),\tilde{\tau}=\sum_{i=1}^{\mathrm{A}}.\tau i$









, , $P(A_{e}\cap A_{f}|A_{a}\cap A_{r})$ $1- \frac{1}{2^{k-1}}$
. , $\tau_{1}=\cdots=\tau h=1$ $P(A_{\epsilon}\cap A_{f}|A_{a}\cap A_{r})$
, $n$ (2 . $+1$ ) .
213
1 $\tau_{\mathrm{P}}$ $\tau_{\mathrm{q}}$ $P(A_{e}\cap A_{f}|A_{a}\cap A_{r})$
$n$ $P(A_{e}\cap A_{f}|A_{a}\cap A_{r})$ ( 1} . , $n$ 2
$n=pq$ , $p-1=2^{\tau_{\mathrm{p}}}\sigma_{p},$ $q-1=2^{\tau_{Q}}\sigma_{q}$ ( $\tau_{p},$ $\tau_{q}\geq 1,$ $\sigma_{p},$ $\sigma_{q}$ )
. , (3.3)
$P(A_{e} \cap A_{f}|A_{a}\cap A_{r})\geq\frac{1}{2}$
. , , (5.1)
$P(A_{e} \cap A_{f}|A_{a}\cap A_{r})=1-\frac{1}{3}\frac{2+2^{2\min\langle\tau_{\mathrm{p}},\tau_{q})}}{2^{\tau_{p}+\tau_{q}}}$
. , $\tau_{p}=\overline{\prime}q=1$ 1/2 . , $\tau_{p}=\tau_{q}$
$P(A_{e}\cap Af|A_{a}\cap A_{f})$ , $\tau_{p}\neq\tau_{q}$ 1 .
, $n$ 2 , (3.1) $\mathrm{g}\mathrm{c}\mathrm{d}(a, n)=1$ $n$ $a$
.
62 $n=pq$ ( $p,$ $q$ ) . $n$ , $\mathrm{g}\mathrm{c}\mathrm{d}(a, n)=1$ $n$ $a$
$\acute{t}_{\nabla}^{\mathrm{B}}$ $P(A_{a})$
$\forall\epsilon>0$ , $P(A_{a})= \frac{\varphi(n)}{n}\geq\frac{1}{2}-\epsilon$
.





. , $narrow\infty=$ ($parrow\infty$ $qarrow\infty$) , $\epsilon$ , $n$
$\frac{\varphi(n)}{n}>\frac{1}{2}-\epsilon$
.
63 $n=pq$ ( $p_{1}q$ ) . $p-1=2^{\tau_{p}}\sigma_{p},$ $q-1=2^{\tau_{9}}\sigma_{q},$ $\tau’=\min(\tau_{p}, \tau_{q})$ ( , $\tau_{p},$ $\tau_{q}\geq 1$ ,
$\sigma_{p},$ $\sigma_{q}$
) , 1 Ps
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